The oblique propagation of electromagnetic (EM) waves with frequencies below the equatorial proton cyclotron frequency is investigated for a two-ion magnetospheric plasma. Attention is focused on the wave group travel time along a geomagnetic field line from the equatorial wave source region to the ionosphere or the location where the wave is reflected. It is found that the coupling between left-and right-hand polarised waves occurring at a crossover frequency significantly modifies features of the frequency-time spectrum. Because of this modification, the spectral tone change of Pc 1 waves observed on the ground (e.g. Dowden 1966; Gendrin and Laurent 1979) is not caused solely by dispersion effects in a multi-component plasma. The method used in this paper to calculate the wave group travel time provides further understanding of wave propagation in the magnetosphere, and is important for the estimation of magnetospheric plasma parameters using Pc 1-2 ground records.
Introduction
In this paper we consider the group travel time for EM waves with frequencies near the ion cyclotron frequency in a multi-ion magnetospheric plasma. The ground signatures of these waves are Pc 1-2 geomagnetic pulsations (rvO·1-5 Hz). The waves are generated in the magnetosphere over L rv 3-9, through a resonant interaction of left-hand polarised ion cyclotron waves with energetic and anisotropic ions in the ring current, and then propagate away from their source regions, whereby some of the wave energy may propagate to the ground. Because the waves propagate through the magnetosphere, they have often been used as a diagnostic tool to obtain information on the properties of the magnetospheric plasma. One of the important diagnostic parameters is the wave travel time between the two hemispheres. In an inhomogeneous plasma, if temporal and spatial scales for the variations of the background plasma are much greater than the wave period and wavelength respectively, then the wave packets propagate at the wave group velocity in the plasma according to the WKB theory (e.g. Chen 1987) . In this situation, the wave travel time is the wave group travel time. For structured Pc 1-2 waves, the wave travel time relates to the interhemispheric bounce period of wave packets. This bounce period has been employed to explain the fine structure observed in structured Pc 1-2 pulsation dynamic spectra (see Jacobs and Watanabe 1964; Obayashi 1965; Dowden 1965; Gendrin et al. 1971) . Because the wave travel time depends on the wave dispersion characteristics in the magnetospheric thermal (or cold) plasma, and the L value of the wave propagation path, computation of the wave group travel time provides a connection between 0004-9506/92/050695$05.00 the observed wave spectral structure and the thermal plasma parameters and the wave path in the magnetosphere.
In early studies of the wave travel time, the plasma was considered to contain only electrons and protons (Obayashi 1965;  Dowden and Emery 1965; Gendrin et al. 1971 ; Higuchi et al. 1972) . Hence, the waves remained left-hand polarised when propagating in this single-ion magnetosphere, and the wave normal angle () (the angle between k and BE where k is the wave vector and BE is background magnetic field) did not significantly influence the wave travel time in the magnetosphere (e.g. Dowden 1965) . In this case, the waves are guided along the magnetic field, Le. the angle between the group velocity direction and BE remains small during propagation. When the waves reach the top of the ionosphere, () increases to 90° (Dowden 1965;  Kitamura and Jacobs 1968) . It is believed that the waves are reflected in the region where () reaches 90°. This reflection leads to the ion cyclotron wave packet bouncing between two hemispheres.
It has been recognised that wave dispersion properties are controlled by the concentration of thermal heavy ion species, such as He+ (Young et al. 1981; Raux et al. 1982; Fraser 1982) and/or 0+ (Fraser and McPherron 1982; Inhester et al. 1984) . In the presence of heavy ion species, there are modifications to the dispersion relation, which affect the computation of the wave group travel time: (i) stop bands for left-hand polarised waves near ion cyclotron frequencies (Smith and Brice 1964; Mauk et al. 1981) ;
(ii) reflection of left-hand polarised waves at cutoff frequencies;
(iii) coupling between left-and right-hand polarised waves at crossover frequencies (Smith and Brice 1964; Gurnett et al. 1965 ); (iv) reflection and transmission of right-hand polarised waves at multi-ion hybrid resonant frequencies (Rauch and Raux 1982; Perraut et al. 1984) .
When wave propagation is strictly parallel, the crossover of wave polarisation will not occur, and the waves remain left-hand polarised (Le. ion cyclotron mode). If wave frequencies are below the cyclotron frequency of the heaviest ion species, these waves can propagate in the magnetosphere in a way similar to the propagation in an e--H+ plasma except that the ion cyclotron frequency is lower. However, if the wave frequencies are above the cyclotron frequency of the heaviest ion species, these waves will be reflected in a region where the wave frequency matches local cutoff frequencies induced by other ion species. Higuchi (1985) discussed the wave group travel time for the parallel propagation of ion cyclotron waves. He only considered the waves with frequencies below the cyclotron frequency of the heaviest ion species. Dowden (1966) and Fraser (1972) also studied the wave group travel time for ion cyclotron wave parallel propagation. In their studies, the complete wave frequency range F < Fc(H+) was included. In order to avoid the difficulty caused by the cutoff frequencies, these authors assumed that the ions heavier than H+ were confined within a narrow equatorial region (e.g. latitude ±10 0 ), so that the wave frequencies considered would never match the cutoff frequencies. This assumption does not represent the real spatial distribution of heavy ions. However, because the greatest contribution to group travel time calculations occurs in the equatorial region where the waves have minimum group velocity, heavy ions at latitude above 10° were considered unimportant in these papers for the travel time calculations. This assumption is robust for all properties other than wave cutoff and, as discussed in Section 3, the assumption probably breaks down in this regard when the heavy ion concentration is larger than 1%. When () =f. 0, Le. oblique propagation, all four modifications mentioned above will affect the wave group travel time. Particularly, it can be expected that the presence of the crossover of wave polarisation will couple some energy from the ion cyclotron mode into the right-hand polarised magnetosonic mode, thus allowing some propagation through the cutoff of left-hand polarised waves. Also, multi-ion hybrid resonances may appear. In diagnostics, computation of the wave group travel time in an e--H+ plasma can be used only for the rising tone fine structure of Pc 1-2. However, the Pc 1-2 spectra often show complicated structures (Tepley 1966; Dowden 1966; Fraser 1972; Fraser-Smith 1977) . The heavy ion modification to the wave group travel time was used to explain the change of tones in observed spectra (e.g. Dowden 1966; Fraser 1972; Gendrin and Laurent 1979) . Using the parallel dispersion relation for the ion cyclotron waves in an e--He+ -H+ plasma, Fraser (1972) developed a method that determines the propagation path of 'nose' pulsations, and the proton and helium concentrations at the top of the path in the equatorial region. Because of the importance of the wave group travel time in the Pc 1-2 spectra, further study of the computation of this parameter will lead to increased understanding of the dynamics of Pc 1-2 in the magnetosphere, and to a more reliable and accurate estimation of wave propagation paths and plasma parameters.
The purpose of this paper is to develop a method to calculate the wave group travel time in an e--He+ -H+ plasma taking account of oblique propagation. Consideration of mode coupling between left-and right-hand polarised waves is included. It will be shown that the characteristics of oblique propagation are significantly different from those of parallel propagation.
Computation of the Wave Travel Time
Consider a wave packet propagating in the magnetosphere. The group travel time is
where V g is the wave group velocity, and ds is the distance element. The integral is along the wave path. Both V g and the wave path in the magnetosphere depend on the wave dispersion relation and wave normal angle (). Therefore, it is necessary to study the local wave dispersion characteristics (e.g. local group velocity) and the variation of the wave parameters (e.g. wave normal angle) in the magnetosphere before we calculate T g.
(2a) Dispersion Relation and Group Velocity
Although the plasma in the magnetosphere is in the thermal energy range (0 ·1-10 e V), the ion temperature does not change topological properties of the dispersion relation (Hu 1991) and only leads to slight modification of the values of the phase and group velocities (e.g. Higuchi and Jacobs 1970) . In the following study, we consider mainly effects caused by the change in topology of the wave dispersion relation in the presence of heavy ion species, and therefore use a cold plasma approach to describe the magnetospheric bulk plasma. This approach has already been widely used in studies of electromagnetic waves with frequencies near the ion cyclotron frequencies in magnetospheric multi-component plasmas (e.g. Dowden 1966; Fraser 1972; Rauch and Roux 1982) .
We consider here a magnetosphere with two ion species (H+ and He+), because the two-ion plasma is sufficient to illustrate the basic pattern of the modifications on the wave dispersion relation introduced by multiple ion species. Physical properties obtained from the two-ion plasma can, in principle, also be applied to other plasmas with more than two ion species (e.g. an e--O+-He+-H+ plasma).
When plasma waves propagate in a cold, infinite, homogeneous, and collisionless plasma within a uniform magnetic field in the z direction, Le. BE = BE ez , the wave dispersion relation is given by (e.g. Stix 1962) An 4 -Bn 2 + C = 0,
where n is the refractive index, X is the wave frequency normalised by the proton cyclotron frequency, and X p (e or i) and Xc (e or i) are normalised electron or ion plasma and cyclotron frequencies respectively. The solution of this dispersion relation can be expressed as n 2
p> 0, the wave has right-hand polarisation; when p < 0, the wave has left-hand polarisation; and when p = 0, the wave has linear polarisation.
For a plasma witJ:t H+ and He+ ions, there are three continuous curves in X-k (Fig. 1) . If a wave belongs to one of the curves at a spatial point, it will remain on the same dispersion curve when propagating in an inhomogeneous medium. These curves are named as (e.g. Rauch and Roux 1982; Fraser 1985) : , , The presence of a heavy ion species introduces a coupling, for () '# 0, between left-and right-hand polarised waves at a crossover frequency Xcr. where the waves become linearly polarised. When () = 0 at the crossover frequency, although the phase velocities for the left-and right-hand modes are the same, these modes remain decoupled since their group velocities are different (Leer et al. 1978) . The stop band induced by the heavy ions for the left-hand polarised waves is between Xc(heavy ion species) and Xcf. When () is close to 90°, the additional ion species causes a hybrid resonance at a hybrid frequency Xbi. For the e--He+-H+
As an example, we consider a plasma with N(He+)jN(e) '" 0·27. The characteristic frequencies are Xbi = 0·378, Xcf = 0·453 and Xcr = 0·564.
Therefore, class 1 has 0 < X < 0·25, class 2 has 0·453 < X (when 0·453 < X < 0·564, left-hand polarised; and when X> 0·564, right-hand polarised), and class 3 has 0 < X < 1 (when 0 < X < 0·564, right-hand polarised; and when 0·564 < X < 1, left-hand polarised). These are shown in Fig. 1 .
It is necessary to mention that the concentration of He+ ions is assumed to be N(He+)jN(e) = 0·27 along the L '" 4·6 field line. It has been found that the typical value for He+ concentration in the equatorial plasmapause region (L '" 4-6) is between 0·1 and 0·6 (e.g. Geiss et al. 1978; Young et al. 1981; Balsiger et al. 1983) . Furthermore, oblique wave propagation characteristics remain qualitatively the same if the heavy ion concentration is in the measured range (",0·05-0·6). In this paper, attention is focused on the method used to calculate the wave group travel time and on the physical properties of the wave propagating obliquely in the two-ion plasma. It will be shown later that for a heavy ion concentration between 0·1 and 0·6, the ground-observed wave frequency-time relationship is determined by oblique propagation with mode coupling, rather than by parallel propagation. Since the choice of the value of the heavy ion concentration from the range 0 ·1-0·6 does not qualitatively affect wave propagation properties, our assumed value is reasonable. However, when considering a specific wave event quantitatively, the choice of the He+ concentration should be examined carefully.
Since the waves are generated by the ion cyclotron interaction, only left-hand polarised modes in wave source regions are considered, but they may change into right-hand polarisation when propagating away from the source regions.
The group velocity of the wave is V g = 21l'Fc(H+)8Xj8k where k is the wave vector and F c(H+) is the proton cyclotron frequency. In this paper '¢ is defined as the angle between V g and BE, which indicates the group ray direction, and therefore
where e is the unit vector, and z and 1.. correspond to the directions parallel and perpendicular to BE respectively. Here, the problem is treated as two-dimensional, and therefore el. is in the plane containing BE and V g' The method used here to calculate V g was described by Leer et al. (1978) .
The group velocities for the three wave classes are shown in Figs 2 and 3. In both figures, the top panels relate to () = 10° and bottom panels to () = 60°. Fig. 2 shows the V g-X relationship, and Fig. 3 gives the variation of the group ray angle '¢ with X. In both figures, we used parameters BE = 300 nT and N(e) = 220 cm-3 . This corresponds to the equatorial plasmapause region (e.g.
L '" 4-6). The intersection of the V g curves for both left-and right-hand polarised modes at the crossover frequency confirms the existence of mode coupling at this frequency (see Fig. 2 ). The relation between '¢ and () is an important feature for the propagation of waves. From Fig. 3 , it is shown that class 1 has small '¢ for all (), and this 
Class 1 ... is close to 90°, the waves become linearly polarised (not shown here, see Rauch and Roux 1982) .
(2b) Oblique Wave Propagation in the Magnetosphere
In an inhomogeneous plasma, such as the magnetosphere, the characteristic frequencies vary in space. The features of wave propagation, therefore, will also change in space. Waves may be excited or amplified on and/or off the equatorial region (Hu et al. 1990) . Waves generated on the equator will propagate away from the equator, while waves generated in regions off the equator may propagate to higher latitude regions or back to the equator. The waves propagating from an off-equator source region to the equatorial region will experience a strong thermal damping (Hu et al. 1990) . Therefore, these waves will be important for particle heating in the magnetosphere, but may contribute very little to the wave spectrum observed on the ground. Considering this, we calculate the wave travel time only for the waves propagating to higher latitude regions. In this case, the method used for both on-and off-equator sources will be the same. Therefore, in the following, we choose the plasma and wave parameters at the equator as the starting point. This relates to waves generated at the equatol'. For the waves produced by off-equator sources, the equatorial parameters should be replaced by the local parameters in the source regions.
When left-hand waves are generated by the ion cyclotron instability in the equatorial region of the magnetosphere, they may have frequencies as follows: -equatorial class 1, i.e. 0 < X; < 0·25 at the equator; -equatorial class 2 with XCf(He+) < X < Xcr(He+) at the equator; -equatorial class 3 with Xcr(He+) < X < 1 at the equator.
Hereafter, in the inhomogeneous magnetospheric plasma, the wave frequency and all characteristic frequencies will be normalised by the proton cyclotron frequency at the equator.
In order to investigate the propagation of waves in an inhomogeneous magnetosphere, models for both the geomagnetic field and the plasma density are required. In the present work, a centred dipole geomagnetic field model is used. The plasma density is modelled as N = No per) with per) = (r/ro)-3, where No is the density at the equator and r = ro cos 2 >., with ro = LRE, RE the Earth's radius and>' the latitude. It is also assumed that N(He+)/ N(e) remains constant (0·27) along the wave path. We consider waves produced near the plasmapause (L rv 4-6). In the equatorial region, BE is taken to be 300 nT. The cold electron density at the equator is assumed to be 220 cm-3 . Hereafter, the wave frequency X and characteristic frequencies (e.g. Xc, Xcr. Xcf and Xbi) at a spatial location in the magnetosphere are normalised to the equatorial proton cyclotron frequency of the same field line. The waves of class 3 may first reach a crossover point where X = Xcr. and then arrive at a hybrid resonant point where X = Xbi. Because the polarisation of the waves of class 3 has reversed after the waves pass the crossover point, both the cutoff point where X = Xcf and the point where X = Xc(He+) do not affect the propagation.
The variation of (} in the magnetosphere is important since this controls the dispersion characteristics. The position of wave reflection and the wave path are also controlled by (}. The value of (} initially depends on the mechanism which destabilises the waves. Dobes (1970) , Oscarsson and Andre (1986) and Ludlow (1989) showed that the ion cyclotron instability has large growth rates distributed ---- from e = 0 to ",30 0 , and there may be another peak at e '" 70 0 • This provides a measure of e in the wave source regions. In order to determine the variation of e when the waves propagate in the magnetosphere, we assume that ray propagation can be used for the waves under consideration. This ray approach is valid if the spatial and temporal variations of the plasma are slow when compared with the wavelength and frequency, according to WKB theory (e.g. Born and Wolf 1959; Yeh and Liu 1972) . Here, we consider only the spatial variation of the plasma. In Section 3, we will compare the typical length of wave path in the magnetosphere and the wavelength, and examine the validity of the ray approach. Strictly, the ray propagation of the waves should be investigated by solving the ray equations in an inhomogeneous plasma (Haselgrove 1955; Kelso 1964; Stavroudis 1972 ). However, we will use a simplified method with some additional assumptions. It is known (e.g. Kelso 1964) that the differential equation for ray propagation is equivalent to a generalised form of Snell's law:
:t (n 1:1) = c lul-1Vn,
where u is a vector defined by u = nk/lkl with k being the wave vector. The index n varies in the inhomogeneous plasma, and therefore u varies spatially.
When the wave propagates, both n and 0' vary, and so equation (4) describes the variation of k during propagation. We are interested in the wave propagation along geomagnetic field lines, namely the guided or quasi-guided propagation, which is thought to be the basic propagation pattern for the waves which may be recorded on the ground (e.g. Roux et al. 1982; Rauch and Roux 1982; Fraser 1985) . Equation (4) should generally be treated as a three-dimensional problem. In order to obtain the variation of 0' (or k), equation (4) must be integrated along the wave path. If the wave path is known it may be assumed that the inhomogeneous plasma is approximately stratified along the wave path, and thus the problem may be simplified to become one-dimensional. Because full ray tracing has already shown that the paths for waves which may reach the ground are mainly along field lines, "\l n may be assumed also to be field-aligned. In this case, equation (4) gives d(nsinO)/dt = 0 in the plane perpendicular to ''\In. Therefore, the wave normal angle at any point along field lines is given by
where >.. is the geomagnetic latitude, and subscript 0 refers to the initial value at the equator. We will use equation (5) to study the variation of 0 along a field line. Angle '¢ can also be obtained along the field line from O. We should mention that the method for calculating 0 along a wave path has been used in other studies of Pc 1-2 waves (e.g. Dowden 1965). Because Snell's law, i.e. equation (5), is based on the approximation that "\ln is field-aligned, the validity of the results from equation (5) will also be discussed for each class of wave.
Class 1 (X < 0·25). Variations of 0 and '¢ for class 1 waves with >.. are plotted in Fig. 5 . The basic characteristics of these waves are the same as those discussed by Dowden (1965) , where we replace H+ with He+ because H+ rarely affects the He+ cyclotron waves. The figure shows that 0 is almost 90° when the waves reach the bottom of the magnetosphere (latitude "'62.5°). This result also agrees well with that obtained from ray tracing studies (Kitamura and Jacobs 1968; Rauch and Roux 1982) . Because the waves are guided ('¢ < 12° always), the assumption of field-aligned propagation is valid.
Class 2 (0·453 < X < 0·564). In Fig. 6 the variation of 0 and'¢ for class 2 waves is shown for 00 = 10°, 30° and 60° and X = 0·48 and 0·53. This figure shows that 0 and '¢ remain roughly constant near their initial values (00 and '¢o) before the waves propagate to regions where the wave frequencies match the local cutoff frequency. Where X '" Xcf, 0 and '¢ increase rapidly to 90°, and the waves may be reflected. Rauch and Roux (1982) reported that the reflected waves propagate outwards to lower geomagnetic field regions.
The curves corresponding to the 00 = 60° case indicate that caution should be observed when dealing with large 00 , because in this situation '¢ is large, and therefore the assumption that the wave group ray travels along the field line may become invalid. However, even for 00 '" 0-30°, the ray is still reasonably close to the field line before reaching the cutoff point.
Class 3 (0·546 < X < 1). can be seen that at the point where X = Xcn 'ljJ is equal to zero, agreeing with the result that 'ljJ = 0 when X = Xcr as described before (see Fig. 3 ).
The upper panel of Fig. 7 shows that, when 80 is small, 8 increases slowly with A until A reaches a large value, while in the lower panel 'ljJ remains small until 8 starts to increase rapidly. For example, when 80 = 10° and X = 0·61, 'ljJ remains small «20°) until A '" 40°. When A is as large as ",52°, 8 and 'ljJ will increase rapidly to 90°. Thus, the smaller 80 and the lower X, the farther the waves propagate along field lines.
Although we are unable to use the point where both 8 and 'ljJ are equal to 90° to define exactly where the waves are reflected, it is possible to use this point to roughly estimate the reflection region. This follows from the rapid increase in 'Ij; with >.. near the reflection region; thus the point at which both 0 and 'Ij; are equal to 90° probably does not deviate far from the reflection point. Fig. 8 shows the latitude where 0 = 'Ij; = 90° for various X and 00 • It can be seen that, if 00 is large (e.g. the 00 = 60° case in Fig. 8 ) or X is close to 1, 0 becomes 90° near and often above the point at which X = X bi. This indicates that the reflection takes place near the point at which X = X bi (e.g. Rauch and Roux 1982) . However, when 00 is small and X is close to Xcn the reflection point may be located at latitudes higher than that determined by X = Xbi. In our view, wave reflection is due to () = 'Ij; = 90° which is determined by Snell's law and the wave dispersion relation, and therefore the reflection point depends on (Jo and X. This result differs from that of Rauch and Roux (1982) , which showed that the reflection was always in the bi-ion hybrid resonance region where X = Xbi> and independent of X and (Jo. lt is necessary to mention that the higher reflection latitude for smaller (Jo and X is not considered to be introduced by the approach used in our method.
Orl-------r------~-------,-------,r-------r-----__
Because both (J and ' t/J are small over a wide range of latitudes (see the X = 0·61 and (Jo = 10° curve in Fig. 7) , the assumption that the waves propagate along the field line is valid, and therefore the result should be reliable.
(2c) Wave Group Travel Time
With the above preparation, we can now estimate the group travel time for waves propagating in the magnetosphere from the equator to the reflection points. 
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We still assume that the wave ray path is along a field line, so that the results obtained in the above calculations can be used. This one-dimensional treatment should be reasonable for most waves which can reach the ground (e.g. classes 1 and 3). The group travel time T g is written as
where Ao is the latitude at which both () and 1/J are equal to 90°, i.e. the reflection point. The integration is performed along the field line, and therefore dB = LRE cosA (4-3cos 2 A)1/2 dA. For class 1 and 3 waves, the wave bounces between the two hemispheres with a bounce period of T = 4Tg • In equation (6), Ao, V g and 1/J depend on X and ()o and have been given in the subsection above.
Using parameters along the L = 4·7 field line, we have AO ~ 62.5° for class 1 waves, and Ao for class 3 waves is the latitude at which () = 1/J = 90°, as discussed in Section 2b (shown in Fig. 8 ). For class 2, the waves are unguided, and therefore only the integration results with small ()o may be used to estimate the travel time from the wave source region to the reflecting point. 
...
.., where Va = IBEI/[41fN(e) m(H+)Jl/2 is the local Alfven velocity in a proton plasma. The top panel relates to classes 1 and 3. For the class 1 waves, an increase in ()o decreases T g. The important property for this wave class is that the spectral tone (i.e. X -Tg relationship) still shows increasing slope, the same as Pcl-2 waves in the e--H+ plasma case (e.g. Dowden 1965). For class 3 waves, the spectral tone and T g-()o relationships are similar to those of class 1, and the tone is also rising. Since Vain equation (7) is the Alfven velocity for a proton plasma with the same electron density as that used in our two-ion plasma model, the Alfven velocity in the two-ion plasma is
Va{N(e)m(H+)/[m(He+)N(He+) + m(H+)N(H+)]}1/2.
Therefore, the quantity
Ta{[m(He+)N(He+) +m(H+)N(H+)]/m(H+)N(e)}1/2 ~ 1·4Ta
is the group travel time for Alfven waves from the equator to the ground. In Fig. 9 , it is seen that when X -0, Tg/Ta -1· 4 for class 1 because the wave tends to an Alfven wave. When X tends to the normalised crossover frequency for class 3, T g/ T &. tends to a value between 1· 2 and 1· 4. This indicates that class 3 waves, which may be reflected at low latitudes, show group travel times comparable with those of waves that are reflected at the ionosphere. This is a consequence of the property that the greatest contribution to the group travel time occurs in the equatorial region where V g is a minimum. The bottom panel of Fig. 9 shows the group travel time for class 2 waves. Since the class 2 waves may propagate at large 'Ij; when () is large, only the curves with small ()o roughly indicate the group travel time to the location where the wave may be reflected to the outer magnetosphere. From the curves for 00 = 10° and 30° it can be seen that the variation of T g is not large for class 2 waves. When X is not close to Xcf at the equator, Tg/Ta values range between 1·2 and 1· 4. Because there is no bounce between the hemispheres for class 2 waves, T g does not relate ~o a bounce period.
An important feature of the X -Tg relationship is that both classes 1 and 3 waves exhibit dispersion which corresponds to rising tones. If only waves of class 1 or class 3 are generated in the source region, we may observe a rising tone on the ground. If both classes 1 and 3 are generated simultaneously, it is possible for the predicted wave spectra to display two bands, both of which exhibit rising tones. This result indicates that the wave propagation from low to high latitudes in a multi-component magnetosphere cannot support a falling tone in the wave spectrum, provided that the mode coupling is included. This will be discussed in the next section.
Discussion

(3a) Ray Approximation and One-dimensional Model
Ray propagation for the waves has been used to calculate the variation of () along a field line. This implies the assumption that in the region of interest the relevant dimensions of the wave paths are much larger than the wavelength of the propagating waves. In order to confirm this assumption, Fig. 10 shows the variation of the wavelength for typical waves in class 1 (X = 0·219), class 2 (X = 0·503) and class 3 (X = 0·656) at L = 4·7. Normally, the wavelength Lw is less than 500 km if the position is not close to the reflection points. Using Ld to express the length of the wave path from >. = 0 to >' 0 along the field line, it can be shown that Lw / Ld ;:;; 0·005 for class 1 and Lw / Ld ;:;; 0·02 for class 3. The typical wavelength of class 2 is about 300 km if the latitude is not near the cutoff point, but the wavepath is shorter than those of classes 1 and 3. In this case, if X is not near Xcf at the equator, Lw/Ld rv 0·05-0·1. Therefore, the ray approach appears justified for most of the frequencies and regions we have considered. Latitude (degree) Fig. 10 . Variation of wavelength in the magnetosphere for typical waves of class 1 (X = 0·219), class 2 (X = 0·503) and class 3 (X = 0·656). The wave normal angle at the equator is 00 = 10°.
In the following regions the ray approximation is invalid because Lw / Ld is too large:
--the region where X I"V Xcf (class 2, this is of little interest); --the region where X I"V X bi (class 3). Perraut et al. (1984) showed that the region where X I"V X bi reflects a fraction of the wave energy, and allows the remainder to be transmitted. The transmission process also acts as a lowpass filter. Although the ray approach is invalid in the region where X I"V Xbi and Snell's law may also be invalid because 1/J becomes large in this region, these restrictions do not lead to significant errors in the calculation of T g' This is because most of the ray travel time is accumulated in the lower latitude and equatorial regions.
To simplify the problem we have used Snell's law to investigate the variations of both () and 1/J along a wave path which is assumed to be field-aligned. This treatment is based on the fact that we already know that the wave paths of the waves of classes 1 and 3, which can reach the ground, are almost parallel to the field line. For a known wave path, the assumption that \7 n is parallel to the tangential direction of the wave path is reasonable. Thus equation (4) is acceptable for our one-dimensional treatment. However, if the ray deviates too far from the field· line, two-or three-dimensional ray tracing must be considered. Our calculation confirms that, for class 1 waves, the one-dimensional method is applicable because the waves are guided (i.e. 1/J is always small), and for class 3 waves, the method is also considered suitable because ' t/J is small in most propagation regions. For class 2 waves, if () is initially small, then ' t/J does not become large until the waves reach the point where X",Xcf' Finally, we note that the one-dimensional treatment used here provides a simple method to evaluate propagation path latitudes and plasma densities in a multi-ion plasma. This method was widely used in the e--H+ plasma (e.g. Dowden and Emery 1965; Fraser 1968) .
(3b) Can a Wave Spectral Tone be Changed by Wave Propagation Effects?
Considering only the parallel propagation of left-hand polarised waves, Dowden (1966) suggested that a 'nose' type ('<' type) frequency-time structure seen in dynamic spectra for Pc1-2 waves recorded on the ground was due to a propagation effect for wave normalised frequencies in the region Xcf < X < 1 at the equator. However, this theory was based on two assumptions: (i) the waves remained left-hand polarised during propagation; and (ii) the heavy ions were present only near the equator.
The first assumption implies that wave propagation is strictly parallel to BE, and the second is only applicable when the concentration of heavy ions is as low as ",0·001 off the equator (see the following discussion). Hence, these approximations do not describe a realistic magnetosphere.
Considering the minimum in V g for right-hand polarised waves with X bi < X < Xcr (see Fig. 2 ), Gendrin and Laurent (1979) suggested that a wave propagation effect may be one of the factors which leads to a wave spectral tone in the form of a Chevron type ('>' type). But, this consideration requires that the waves remain right-hand polarised during propagation, a situation which is also unacceptable.
By careful examination of the parameters involved in altering the spectral tone through a wave propagation effect, we find that V g must exhibit a maximum in the equatorial region at the frequency at which spectral tone changes from rising to falling. This is because most of the group travel time is spent in this region, so the maximum V g normally corresponds to the earliest arrival of the wave packet, while waves at higher and lower frequencies will reach the observer later, forming a nose tone ('<' type). Similarly, if the senses of all the extrema are reversed, a chevron spectral tone ('>' type) results. Therefore, the change in the spectral tone occurs only when the V g-X curve exhibits a V g maximum (for '<' type) or a minimum (for ">' type) at a certain X. Now, consider the propagation of EM waves with frequencies near the ion cyclotron frequencies. In general, there are five possible cases:
Case 1: Parallel propagation of left-hand polarised waves.-In this case, V g has a maximum near X cr , so a '<' type spectrum may be formed for the waves which are mixed from the left-hand fractions of classes 2 and 3. However these waves can hardly contribute to ground observations because they cannot pass the stop region for left-hand polarised waves, since the region where X '" Xcf can reflect the left-hand polarised waves. A consideration of wave attenuation in the stop region will also confirm that left-hand wave transmission through the stop band in the magnetosphere is impossible. Dowden (1966) showed that an amplitude decrease across the stop region was only 2-3 dB. However, this result was based on an assumption that N(H+)/N(He+) rv 1000 (very low heavy ion concentration). In fact, the heavy ion concentration in the magnetosphere is much higher than this value. If we take a typical measured value of N(H+)j N(He+) ;s 10 (see Section 2) and use the same method as that used by Dowden (1966) , it can be shown that the wave amplitude decrease is ~150 dB. This decrease is much larger than the total amplification of the waves through the ion cyclotron instability ("-'10-50 dB, see Hu et al. 1990 ). Thus, this result indicates that the left-hand waves are unlikely to pass through the stop region. Case 2: Parallel propagation of right-hand polarised waves.-V g does not have a minimum or a maximum, and the spectral tone is always falling. Furthermore, these waves cannot be normally generated by the ion cyclotron instabilities.
Case 3: Oblique propagation of left-hand polarised waves . -This wave propagation pattern corresponds to the waves mixed by the left-hand polarised fraction of classes 2 and 3. Similar to the parallel propagation of left-hand waves, a '<' type nose effect appears to result because of the maximum in V g near X cf. However, this case cannot exist when mode coupling occurs. From the bottom panel of Fig. 1 , it is seen that when () is large the mixing of left-hand branches of the class 2 and 3 waves is impossible.
Case 4: Oblique propagation of right-hand polarised waves.-In this case, V g has a minimum between X "-' Xbi and X "-' Xcn so a '>' type spectrum could be formed (note that the minimum in V g does not occur when () = 0). This wave propagation pattern is associated with the waves mixed by the right-hand polarised fractions of classes 2 and 3. However, this pattern can hardly exist in the magnetosphere, because (i) mode coupling occurs (because propagation is oblique) so that the waves cannot remain right-hand polarised when they propagate to the region where X "-' X cr ; and
(ii) the waves with frequency below the proton frequency are normally generated with left-hand polarisation.
Case 5: Oblique propagation of coupled waves-Since mode coupling occurs, the spectra always display rising tones. Fraser (1972) found that only those nose emissions ('<' type) with X close to X cf might agree with Dowden's theory, and the associated concentration ofHe+ was low (,,-,0·001-0·01). He pointed out that for the nose emissions with higher frequency, the explanation using the propagation effect in an e--He+ -H+ plasma was invalid. This supported the idea that the Dowden theory for the parallel propagation of left-hand waves may be applicable only for low heavy ion concentrations.
From this analysis, we have seen that the most probable propagation mechanism leading to ground wave observation above Xc(He+) is the oblique propagation of coupled waves. If the concentration of heavy ions is very low (,,-,0·001-0·01), the nose effect suggested by Dowden may occur and provide ground observations. However, the heavy ion concentrations observed by satellites in the magnetosphere are much higher ("-'0 ·1-0·5) than that allowed by Dowden's theory. Therefore, the ground recorded waves are most likely to propagate obliquely and, as the discussion has indicated, the nose and Chevron effects (both '<' and '>' types) cannot be produced by the propagation of waves in a multi-ion plasma. Fraser (1972) mentioned that the observation of nose emissions does not necessarily indicate propagation in a multi-ion medium. It was suggested that the propagation of two or more adjacent narrow-band emissions along slightly different field lines might be considered as an alternative explanation for the nose effect. In addition to this, the following factors may also contribute to the formation of the nose or Chevron spectral forms:
(i) a change of slope of the X -t spectrum by an ion cyclotron instability (e.g. Gendrin et al. 1971; Gendrin and Laurent 1979) ; (ii) nonlinear dispersion effects for the waves with large amplitudes. For example, a large amplitude wave packet may be described by a nonlinear Schr6dinger equation (e.g. Hasegawa 1975 ) which contains a contribution from nonlinear dispersion.
(3c) Other Issues
The phenomenon of Pc 1-2 wave packets bouncing between conjugate reflection locations allows sufficient time for wave amplification through a resonant interaction with energetic ions in the ring current. However, the explanation of the mirroring effect for the different wave branches is different. For class 1, the reflection occurs at the top of the ionosphere. From the variation of () with A, we have seen that near this region () '" 90 0 • For class 3, location of the reflection region depends on the wave frequency, initial (), and plasma parameters such as the concentration of heavy ions. In our model, the latitude of the reflecting point can be roughly estimated by the point at which () = ' I/J = 90 0 (Fig. 8) .
We should point out that after several bounces ()o may increase for class 3 waves (Rauch and Roux 1982) . Therefore, the bounce period may also be affected by the number of bounces. However, since a significant fraction of the wave energy of class 3 passes through the reflection region , the reflected waves must be amplified so that they can maintain sufficient energy to sustain the bouncing wave packet. The ion cyclotron instability which allows wave amplification is confined to small ()o «30°) or ()o '" 60 0 (see Section 2). This may offset the propagation effect that ()o increases with successive bounces.
Conclusions
We have developed a method to calculate the dispersion spectra of waves that have frequencies near the ion cyclotron frequencies, and which propagate obliquely in the magnetosphere. Mode coupling between the left-and right-hand waves is included. This leads to a significant modification of the frequency-group travel time relationship. The method provides the potential for estimating the plasma parameters in a multi-component magnetosphere using Pc 1-2 X -t spectra. Other important results obtained include:
-Only a rising tone in the X -t spectrum can be formed by the wave propagation effects associated with classes 1 and 3 when mode coupling is included. Class 2 cannot reach the ground, and is of no importance.
-The reflection latitude of the class 3 waves is determined by ()o and X, and may extend to higher latitudes along the field line when both ()o and X are small.
